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Fractional Derivatives
and Their Applications
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Integer vs fractional numbers
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4Integer vs Fractal dimension
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d = 1.58 d = 2.73d = 1
d = 2
d = 3
Fractional
Integer
5
α - complex
Integer vs Fractional derivative
 D1(eax) = a eax
 D2(eax) = a2 eax
 D3(eax) = a3 eax
 ....
 Dn(eax) = an eax
 Dα(eax) = aα eax
n -integer
6What is the meaning of 
D ½y ?
This is an apparent 
paradox from which, one 
day, useful consequences 
will be drawn…
1695
Guillaume de 
l'Hôpital
(1661–1704)
Gottfried
Wilhelm Leibniz
(1646–1716)
intimate connection 
between derivatives 
and infinite series
7Fractional Calculus
 The name "fractional calculus" is actually 
a misnomer
 The designation "integration and 
differentiation of arbitrary order" is more 
appropriate
8Motivation: sin(ax) function
 D 1[sin(ax)] = a 1 sin(ax + 1 π/2)
 D 2[sin(ax)] = a 2 sin(ax + 2 π/2)
 D 3[sin(ax)] = a 3 sin(ax + 3 π/2)
 D 4[sin(ax)] = a 4 sin(ax + 4 π/2)
 ...
 D α[sin(ax)] = a α sin(ax + α π/2)
Weyl derivative 
α∞− tD
9Vector interpretation of Dα for 
the function f = sin(x)
D 1f = sin(x + π/2)
D 0f = sin(x)
D −1f = sin(x − π/2)
D αf = sin(x + απ/2)
απ/2
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Definitions of fractional 
derivatives-1
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Bernhard Riemann
(1826–1866)
Joseph Liouville
(1809–1882)
Riemann-Liouville definition
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Aleksey Letnikov
(1837-1888)
Anton Grünwald
(1838-1920)
Grünwald-Letnikov definition
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Definitions of fractional 
derivatives -2
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Caputo definition
Laplace definition
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Michele Caputo
Pierre-Simon Laplace
(1749-1827)
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Left and Right fractional derivatives
 Left-sided
 Right-sided
( ) ( )
( )
( )∫ +−αα τ− ττ⎟⎠⎞⎜⎝⎛α−Γ=
t
a
n
n
ta
t
df
dt
d
n
tfD 1
1
( ) ( )
( )
( )∫ +−αα τ− ττ⎟⎠⎞⎜⎝⎛−α−Γ=
b
t
n
n
bt
t
df
dt
d
n
tfD 1
1
past of f(t) future of f(t)a t b
( )tfDta α ( )tfDbt α
13
Grünwald-Letnikov definition
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A probabilistic perspective…
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Frequency-based FD approximation
 Recursive relationships of 
pole/zero frequencies:
 Average slope:
 Approach to Dα (0 < α < 1):
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Discrete-time FD approximation
Grünwald-Letnikov definition:
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Fraction approximation
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h ≈T , T - sampling period:
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Louis Amstrong:
What a wonderful world!
FC researcher:
What a fractional world!
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Fractional physics…
 Spring
 Hooke law
 Viscous friction
 Newton fluid
 Mass
 Newton 2nd law
xkF &=
xkF &&=
kxF = ( )α= kxF
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Fractional-Order Controllers
 The fractional-order PIλDμ controller:
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Control robustness
C(s)R(s)
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Root-locus
Bode diagramsFeedback control system
1<α<2
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Van der Pol oscillator
of fractional order
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Time and frequency responses
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3 x 1
Redundant manipulators: 
Trajectory planning
 Computation of joint positions
 
Delay 
Direct 
Kinematics 
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 3R planar redundant manipulator
3 x 12 x 1
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F{dq2/dt} vs (r ,ω/ω0) for ρ=0.5
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